Chern-Simons gauge field theory has provided a natural framework to gain deep insight about many novel phenomena in two-dimensional condensed matter, and most recently, it was shown to render a substantially richer description for quantum dissipative dynamics than the traditional microscopic treatments based on the conventional Brownian motion. In this paper we further investigate the role played by the Abelian topological gauge action in the nonequilibrium thermodynamics and the pseudomagnetic properties of a single (two-dimensional) harmonic oscillator. We find out that the dissipative particle exhibits remarkable magneticlike features in the quantum domain that are beyond the celebrated Landau diamagnetism under dissipation, such that it could be viewed as the non-relativistic Brownian counterpart of a composite excitation of a dissipative particle and magneticlike flux. Interestingly, it is shown that the properties of this flux-carrying Brownian particle are in good agreement with the classical statistical mechanics at sufficient high temperatures, as well as are widely consistent with the Third Law of thermodynamics in the studied dissipative scenarios. Our findings also suggest that its ground state may be far from trivial, i.e. it fakes a seemingly degenerate state.
I. INTRODUCTION
During the last decades there has been a renowned interest in two dimensional systems which may exhibit emergent striking phenomena, such as topological order [1] , ranging from condensed matter [2] to cold atoms [3] and quantum information theory [4] . A prime example of this is the fractional quantum Hall effect [5] , which is one of the most studied phenomena in condensed matter and whose understanding has promoted the development of many ground-breaking concepts and field theoretical approaches [6] , among which we highlight the microscopic descriptions built upon the topological quantum field theory, or more specifically, based on the ChernSimons gauge field theory (e.g. see [7] ). Besides the quantum Hall effect [8] , this theory has proved useful in the understanding of other phenomena connected to condensed matter systems, for instance, the origin of the anyonic statistics [9] or high-temperature superconductivity [10] , as well as some purely theoretical applications [11] . Simultaneously, these works further motivated the study of introducing the Abelian Chern-Simons action in the traditional Maxwell's equations, leading to an unconventional (two-dimensional) electrodynamics [12] , known as topologically massive gauge field or Maxwell-ChernSimons theory (CS-QED 2+1 ) [13] , that has been successfully applied to study new forms of gauge field mass generation [9] , the dynamical Lorentz symmetry breaking [14] [15] [16] , or the statistics transmutation [17] which have recently shown appealing applications in quantum computation theory [18] .
Within the framework of the non-relativistic CS-QED 2+1 theory, it has been recently illustrated * a.valido@iff.csic.es in Ref. [19] that the Chern-Simons action gives rise to new interesting phenomena in dissipative harmonic systems as well. In this novel microscopic description, which is complementary to others recent extended-environment treatments [20] (i.e. magnetic heat baths) that exploit the geometric magnetism [21] , the system particles are subject to an environmental (two-dimensional) fluctuating force, say,ξ M CS , that follows an equal-time noncommutative relation
where κ ∈ R is the so-called Chern-Simons constant and αβ stands for the two-dimensional Levi-Civita symbol. This property is characteristic of the electric fields of the CS-QED 2+1 [9] , and to the best of our knowledge, it has no precedent in the ordinary harmonic oscillator models for the heat bath (e.g. Caldeira-Legget model) [22] [23] [24] [25] [26] [27] [28] [29] [30] . Remarkably, according to the linear response theory [2, 31] this feature has an immediate consequence in the quantum open-system dynamics: the dissipative paticles exhibit a transverse reaction to the environmental forces likewise an ordinary Hall response [32, 33] . Indeed, it was shown in Ref. [19] that such environmental response produces certain torque applied upon the system particles which makes them undergo a vortexlike Brownian dynamics in the Markovian regime. In this sense, the average motion of our dissipative system closely resemblances an array of interacting vortex-quasiparticles [34] , quantum rings subject to a static magnetitc field [35] , or plane rotors in presence of an external time-dependent magnetic flux [36] [37] [38] [39] . Based on this dissipative microscopic description, in the present paper we extensively examine both the nonequilibrium thermodynamics as well as the average magneticlike properties of the dissipative (twodimensional) harmonic particle that emerge when the Abelian topological gauge action and the conventional (linear) Brownian motion dynamics are treated on an equal footing [19] . Interestingly, we find out that the dissipative system is endowed with notable pseudomagnetic properties by virtue of the aforementioned environmental Hall response. Unlike the classical Landau diamagnetism [40] under dissipation [41] [42] [43] [44] [45] [46] [47] [48] [49] , the dissipative harmonic oscillator is shown to develop a nonvanishing orbital magneticlike moment without the need of an external magnetic field or independent torque [50] , instead this (non-spontaneous) magnetization occurs as a consequence of certain work delivered by the MaxwellChern-Simons environment. Conversely, the new dissipative microscopic description also predicts a vanishing average magneticlike moment in the high temperature domain, which is in accordance with the classical statistical mechanics, or more specifically, with the well-known Bohr-van Leeuwen (BvL) theorem [51] [52] [53] . This is common to the conventional Brownian charge particle moving in constrained spaces [52, 53] or the damped twodimensional harmonic oscillator in presence of an external time-independent magnetic field [41, 42] . However, we shall show that the nonequilibrium thermodynamics properties of our dissipative particle substantially differ from those of a charged magneto-oscillator following the conventional Brownian motion [43] [44] [45] [46] [47] [48] [49] . In essence, our results stress out that in the quantum domain the environmental Chern-Simons action "furnishes" the dissipative particle with an intrinsic magneticlike flux, so it is effectively promoted from the ordinary damped harmonic oscillator to a flux-carrying Brownian particle.
The present paper is organized as follows. In Sec.II the dissipative microscopic description governing the opensystem dynamics of the harmonic oscillator is presented. From this, in Sec.III we compute a general closed-form expression for the harmonic oscillator partition function following the imaginary-time path integral approach, and widely discussed its properties. Then, the nonequilibrium thermodynamics quantities are studied analytically and numerically for two different dissipative scenarios: the strict Markovian dynamics in Sec.III A, as well as an instance of non-Markovian dynamics in III B, whilst the Sec.IV addresses the average magneticlike properties of the dissipative harmonic oscillator. Finally, we summarize and draw the main conclusions in Sec.V.
II. DISSIPATIVE MAXWELL-CHERN-SIMONS MODEL
Let us consider the dissipative dynamics of a nonrelativistic system composed of N harmonic oscillators constrained to move in the x − y plane as well as with identical mass m for seek of simplicity. Their position and momentum operators shall be denoted by (q i ,p i ) where i ∈ {1, N }. Let us use the Greek letters and Einstein notation for the two spatial dimensions, andâ † k (â k ) denotes the creation (annihilation) operator of the environmental k-mode with excitation frequency
and k ∈ 2π/L Z 2 (L is a characteristic length of the environment). In its simplest version, it was shown in the Ref. [19] that the dissipative dynamics arising from the interaction with the non-relativistic Maxwell-ChernSimons electromagnetic field may be captured in the long-wavelength and low-energy regime (i.e. small displacement approximation) by the following low-lying microscopic Hamiltonian,
where 0 < e mainly determines the coupling strength to the thermal field environment (e.g. the elemental electric charge for electrons), andV R is an effective renormalized potential, i.e.,
withV (q 1 , · · · ,q N ) denoting the bare parabolic potential describing the confining and coupling interaction between system particles, andq i denoting the central position of the ith harmonic oscillator. Here φ αβ stands for an environment-induced renormalization term
where ∆q ij =q i −q j is the average length between system oscillators, which determines a characteristic length for the interaction between the system particles mediated by the Maxwell-Chern-Simons environment [30] , and l α (k) denotes the system-environment coupling coefficient given by
with f (k) being the system particle form factor (that is, the spatial Fourier transform of the particle charge distribution). Since the particle charge distribution is spatially symmetric in most interesting cases [24, 25] , in the following we shall assume an isotropic form factor f (k) = f (|k|) in the Eqs. (4) and (5) . Furthermore, as similarly occurs in the conventional Brownian motion [24] , f (|k|) must be an (exponential or algebraic) decaying function in order to avoid divergences which may lead to the ultraviolet catastrophe [31] .
is the vector potential or dynamical gauge field given by [19] 
whereǦ c (k) andǍ f ree (k) stand, respectively, for the spatial Fourier transform of the two-dimensional Coulomb Green's function and the amplitude of the polarized plane wave of the free Maxwell-Chern-Simons gauge field in the propagation direction k, i.e.
whilst ε k is equivalent to the spatial Fourier coefficient of the usual polarization vector [19] . While the first term in the right-hand side of (6) identically coincides with the vector potential obtained from the ordinary dipole approximation (i.e. e ik·qi ≈ 1 for i ∈ {1, N }), the second term has no counterpart in previous dissipative microscopic descriptions [20, 54] (e.g. in the independentoscillator model [23] [24] [25] [26] [27] [28] [29] ), and completely stems from the Chern-Simons action [19] . Importantly, the Hamiltonian model (3) is obtained after neglecting a back reaction upon the environment [19] , whose effects on the opensystem dynamics eventually vanish in the asymptotic time limit by demanding sensible properties to the environment, i.e. a substantially broad spectrum and a continuous and finite system environment coupling strength [19] .
Besides the vector potential in dipole approximation, it is important to realize from the Eq.(6) that the additional contribution inÂ M CS due to the Chern-Simon action explicitly contains the divergenless component of the free Maxwell-Chern-Simons gauge field which encapsulates a pseudomagnetic field [9, 16] (i.e.B(k) = ik ×Ǎ f ree (k)). The latter is rooted in a non-vanishing magneticlike flux that it is effectively attached to the system particles by the Chern-Simons action [19] (for instance, in CS-QED 2+1 static charges are able to produce simultaneously electric and magneticlike fields [12] ). In this way, one may expect that the electric fieldÊ M CS retrieved by the vector potential (6) [19] ) can split into a Maxwell and Chern-Simons part, i.e.
for i ∈ [1, N ], whereÊ dip represents the customary dipolar electric field of the system particles, whilstÊ CS can be though of as the non-conservative electric field which is self-consistently induced by a changing magneticlike flux according to the induction Faradays law [19] . The latter is the so-called Chern-Simons electric field, which is axially symmetric along the z-direction and yields the noncommutative property (1) (we note thatÊ M CS will play the role of the environmental fluctuating force in general dissipative scenarios, i.e.ξ(t) = eÊ M CS (t)) as well as the ordinary Hall response mentioned in the introduction. Intuitively, the novel crucial effect of the dissipative Maxwell-Chern-Simons approach (3) could be summarized as follows: the environment endows each system particle with a magneticlike flux along the z-axis that in turn gives rise to a non-trivial current of flux tubes across a given closed surface [8] , and which ultimately produces an intricate electromotive force (emf) responsible forÊ CS [55] . Compared to the ordinary Maxwell electrodynamics, the Chern-Simons action introduces a parity and time-reversal asymmetry in the Maxwell's equations (in fact, the Chern-Simons action breaks those symmetries in the Lagrangian description) that translates into explicitly breaking the rotational symmetry of the corresponding electric field lines within a localized region of space and time in much the same fashion as a changing external magnetic field does [50] . For our present purpose, it is convenient to carry out a gauge (Göppert-Mayer) transformation [24, 54] 
and rewrite the above microscopic description (3) in terms of the environment harmonic k-oscillator, described by the operators (x k ,p k ) and endowed with mass m k , so that we arrive to an equivalent microscopic Hamiltonian which is the basis of the subsequent analysis [19] 
This Hamiltonian is manifestly positive-definite as long as the renomalized potential is prevented from being in-
The above inequality constitutes a necessary condition for the open-system dynamics modeled by (8) may reproduce the relaxation process towards a thermal equilibrium state regardless of the reduced system initial conditions [19, 22, 30, 31] . From this point onward we work within the parameter domain where expression (9) holds. Before proceeding with our analysis of the nonequilibrium thermodynamics properties, let us draw some attention to the main features of the Hamiltonian model (8) . By construction, the proposed microscopic description (3) takes the form of a minimal-coupling Hamiltonian of the desired system with a dynamical Abelian gauge field A M CS acting as a thermal environment. This feature is common to the standard independent-oscillator model (e.g. Caldeira-Legget model) [22] [23] [24] [25] [26] [27] [28] [29] , and indeed, the latter is fully contained in our description as a particular instance [54] . We shall see that we recover the well-known results of the nonequilibrium thermodynamics characteristics of the conventional (linear) Brownian motion when the Chern-Simons action is turned off (κ → 0). Although the Chern-Simons constant can take either positive or negative continuous values in principle [9] , we shall also show that the statistical physics properties remains invariant to this choice.
According to standard electrodynamics, one could expect that the aforementioned emf exerts certain torque upon each system particle [36, 50, 56] , which in turn enforces them to change their kinetic angular momentum resulting in a fluctuating vortexlike dynamics: that is, the dissipative particles would undergo an intricate orbital Brownian path, as mentioned in the introduction. As a matter of fact, in Ref. [19] it was shown for a single harmonic oscillator (i.e. N = 1) that the Langevin Markovian equation governing the quantum open-system dynamics resemblances a Brownian motion with an additional rotational forcê
with e z being the unit vector in the z-direction and Ω CS determining the coarse-grained flux strength, and where the fluctuating forceξ(t) satisfies an extended fluctuation-dissipation relation, e.g. in the hightemperature limit it expresses as follows 1 2
where Γ 0 denotes the usual dissipative coefficient and sgn(x) stands for the sign of the argument x. The rotational force (10) and the second term in the right-hand side of the Eq.(11) are direct consequences of the environmental Hall response manifested by (1) .
Importantly, the fluctuation-dissipation relation (11) reflects one of the major differences between the present microscopic description (8) and the conventional Brownian motion. Specifically, by disregarding the ChernSimons effects (e.g. Ω CS → 0), the two-point correlations of the fluctuating force gets diagonal as well as the rotational force cancels, and thus, the Brownian motion along different directions decouple. According to the above discussion, this tell us that the Markovian dynamics of a two-dimensional harmonic oscillator described by the standard independent-oscillator model [23] [24] [25] [26] [27] [28] [29] is formally equivalent to a system composed of two independent damped one-dimensional harmonic oscillators [22, 57] , which shall hereinafter be referred to as the damped two-dimensional harmonic oscillator. In other words, the conventional Brownian descriptions [23] [24] [25] [26] [27] [28] [29] completely discard genuine phenomena intrinsic to the dimensionality of the interesting system, and in this sense, the Hamiltonian model (8) (or equivalently (3)) renders a more "fundamental" and richer microscopic description for two-dimensional quantum dissipation, which just relies on the physical grounds of local U (1) gauge and Lorentz invariance [19, 54] (recall that the underlying theory exhibits time-reversal asymmetry and parity violation).
Additionally, the electric fieldÊ CS produced by the environmental emf can do certain mechanical work on the system particles that somehow could make the MaxwellChern-Simons heat bath act moderately as a work source as well. One could expect that such work would manifest in the nonequilibrium Helmholtz free energy of the fluxcarrying particle in agreement with the standard thermodynamics [58, 59] . We shall show in the strict Markovian dynamics case that the free energy exhibits a positive linear dependence in temperature at low energies that is intimately related to the rotational force (10) . This result will be further discussed in Sec.III A (see Eq.(37) and subsequent discussion). In addition, the aforementioned torque will be presumably responsible for an orbital magneticlike moment of the system particles [36, 50] . As mentioned in the introduction, we find in the Markovian dynamics regime that a single harmonic oscillator (i.e. N = 1) develops a non-trivial orbital magneticlike moment (see Eq.(69) in Sec.IV) which is mainly determined by the strength of the rotational force (10) . We shall look into this feature more carefully in Sec.IV.
III. NONEQUILIBRIUM THERMODYNAMICS
Now we turn the attention to the nonequilibrium properties of the flux-carrying particle. For a better exposition, we shall concentrate the attention on the single harmonic oscillator case (i.e. N = 1) with frequency ω 0 and placed at the origin of the coordinate system (q α i = 0 with α = 1, 2). The potential renormalization appearing in the Eq.(4) then takes a diagonal form, i.e. φ αβ = φδ αβ with α, β = 1, 2.
As it is commonly considered in the study of the opensystem statistical physics or nonequilibrium thermodynamics properties of the conventional Brownian motion [31, 60] , we assume that the global system, composed of the interesting system and the Maxwell-Chern-Simons environment, is in the usual canonical ensemble of equilibrium statistical mechanics at a temperature characterized by β = 1/k B T (i.e.ρ β ∝ e −βĤ ). In this context, the nonequilibrium thermodynamics quantities (e.g. free energy, internal energy or entropy) related to the dissipative harmonic oscillator, namely flux-carrying particle, are determined from the partition function defined as follows [31, 49, [60] [61] [62] ,
where Z(β) and Z M CS (β) represent, respectively, the partition functions of the global system and the environment in a canonical thermal equilibrium state at inverse temperature β. Starting from the independentoscillator or anomalous dissipative model, the approach based on the Eq.(12) has been extensively used to analyze the nonequilibrium thermodynamic properties of a broad class of dissipative systems: the damped free particle [60] [61] [62] [63] , the damped harmonic oscillator [64, 65] or charged-oscillator particle in presence of an external uniform magnetic field [44, 49, [65] [66] [67] , as well as the deviation from the standard thermodynamics in the strong coupling regime within the framework known as the Hamiltonian of mean force [68] . Following the standard approach of statistical mechanics, Z f lux (β) may be computed by means of the imaginary-time path integral formalism [31, 43, 44, 49, 69, 70] : this is obtained by integrating out the environmental degrees of freedom in the Euclidean action associated to the microscopic Hamiltonian (8) . Specifically, the global partition function for the single-oscillator case reads [31] 
with x(τ ) denoting k x k (τ ) and S (E) being the Euclidean action of the whole system
where
is the usual Euclidean action of a twodimensional harmonic oscillator with bare frequency ω 0 [31] , and we have introduced the Euclidean Lagrangian of the single particle case retrieved by the microscopic model (8), i.e.,
with
where the overdot denotes differentiation with respect to the imaginary time τ [70] . Notice that the renomalization term in (4) has been absorbed by the Euclidean Lagrangian L
(E)
M CS,I in order to compose the square of the first binomial in the right-hand side.
Thanks to the proposed dissipative microscopic model (8) is quadratic in the canonical variables of both the interested system and environment, the whole path integral (13) is Gaussian, and thus, the partition function of the flux-carrying particle at a finite temperature can be readily worked out by using well-known identities from the Gaussian (imaginary-time) path integrals [31, 70] . We write down directly the result and refer the interested reader to the appendix A for further details. Concretely, we find that the reduced partition function, from which all nonequilibrium thermodynamics quantities will be computed, can be expressed in terms of the bosonic Matsubara frequencies ν n = 2πn/ β (with n ∈ N + ) as follows
where Z 0 (β) is identical to the partition function of the conventional damped one-dimensional harmonic oscillator with frequency ω 0 [31] , i.e.,
and∆(ν n ) completely identifies with the Laplace transform of the environment dynamical susceptibility owning to the conventional Brownian motion, which can be given in terms of the Laplace transform of the usual friction kernelγ(s) [27, 28, 31] , i.e.
whereas the kernelsΛ || (ν n ) andΛ ⊥ (ν n ) represents respectively the longitudinal and transverse dynamical susceptibilities arising from the environmental ChernSimons action, which in the single-oscillator case take the formΛ
and J(ω) stands for the standard definition of the spectral density,
where ω k is given by the dispersion relation (2) . Hence, all the effects due to the environmental emf discussed in Sec.II must be fully characterized by (19) and (20). Concretely, the Chern-Simons dynamical susceptibilitỹ Λ ⊥ (ν n ) quantifies the transverse response to the fluctuating force, so it completely encodes the environmental Hall response discussed in Secs. I and II. Interestingly, the real-time Fourier transforms of the expressions (19) and (20) (obtained via analytic continuation s → −iω + 0 + ) reveal that the power spectral density of the Chern-Simons dynamical susceptibilities is
, which is common to many sources of noise in condensed matter physics and quantum information [71] , for instance magnetic flux noise in SQUIDs. We shall see that this feature has profound consequences in the nonequilibrium thermodynamics properties: it implies that the influence of the environmental Chern-Simons action in the statistical mechanics may be substantially diminished in the high-temperature regime (recall ν n ∝ β −1 ) as compared to the conventional dissipative mechanism described bỹ ∆(ν n ). In other words, the Chern-Simons effects may have no significant influence on the nonequilibrium thermodynamics of the dissipative harmonic oscillator in the classical limit. This will be shown to occur in the two dissipative scenarios studied in Secs. III A and III B.
In addition, the 1/f -type feature gives rise to a timelocal contribution in the effective Euclidean action (see the Eq.(A11) in appendix A) that can make the longitudinal Chern-Simons dynamical susceptibility manifest in the first term of the right-hand side of the Eq.(16). Indeed, the infrared contribution of the longitudinal ChernSimons dynamical susceptibility is intimately related to the aforementioned potential renomalization, that is,
Note that this renormalization term will represent a minor correction to the nonequilibrium thermodynamics quantities since φ < ω 0 in order to the subsidiary condition (9) be hold. Although this could be explicitly absorbed in the definition of the partition function Z flux (β), we will keep the exact dependence thorough the following discussion to emphasize its role in the statistical physics. Furthermore, it is worthwhile to notice that φ seems to blows up at the origin ω = 0. However, there is no such infrared divergence in an appropriate description since the environmental spectrum is gaped by κ as is illustrated by (2) , and thus, the spectral density formally vanishes for 0 ≤ ω < κ. From the Eqs. (16), (18), (19) , and (20) directly follow that the nonequilibrium thermodynamics properties of the reduced system, and the dissipative dynamics as well, are ultimately determined by the choice of the spectral density (21) , as similarly occurs in the conventional Brownian motion. Since we are interested in a dissipative scenario where the reduced density matrix of the fluxcarrying particle may be well characterized by a thermal equilibrium state, we must require further constraints to the spectral density to prevent spurious situations (e.g. a non-positive density of states for the flux-carrying particle [60] ). For instance, in the Langevin-equation approach we must demand that the real-time Fourier transform of the retarded Green's function, denoted by G R (ω), dictating the quantum open-system dynamics has no isolated pole lying outside of the environmental dense spectrum in order to guarantee the contour-ordered Green's function of the interested system satisfies the Kubo-Martin-Schwinger boundary condition [19] . In the present framework, we likewise demand the covariance matrix of the Gaussian path integral, which retrieves the reduced partition function Z f lux (β), is positive-definite, or equivalently,
which ensures, together with the condition (9) , that the expression (16) will be a well-defined partition function [72] (see the Eqs. (A12) and (A13) in the appendixA). Intuitively, the subsidiary condition (23) basically manifests that, in order to the flux-carrying particle be in a thermal equilibrium state from standard thermodynamics [59] , the dissipation mechanism must dominate the quantum open-system dynamics against the enviromental Hall response. This will be more clear in the future discussions. Finally, we could also require that the memory kernels decay in the ultraviolet limit [31, 49] , e.g.
for s → ∞ with 2 < l, to certify the infinite product in (16) will converge.
At first sight, the Eq.(16) (together with (19) and (20)) reveals that the Chern-Simons effects in the nonequilibrium thermodynamics properties will apparently manifest at second-order in the Chern-Simons coupling strength compared with the harmonic oscillator bare frequency, so that the environmental Hall response may substantially influence the open-system statistical physics of the dissipative particle, at least in the low-temperature regime. In the following sections we address the analysis of the deviation of the nonequilibrium thermodynamics from the damped two-dimensional harmonic oscillator for two distinct dissipative scenarios. More concretely, we extensively study both the Markovian dissipative evolution characterized by the strict Ohmic spectral density, and the non-Markovian dynamics characteristic of the thermal harmonic noise, that is the Lorentzian environmental power spectrum.
A. Strict Ohmic spectral density
Let us begin our analysis with the extensively studied strict Ohmic dissipative scenario. Thus, the spectral density takes the well-known form J ohm (ω) = 2mγ 0 ω where γ 0 denotes the classical friction coefficient which essentially quantifies the system-environment coupling strength [72] . Substituting this in the Eqs. (18), (19) and (20); we directly arrive at
At this stage, we must stress out that to be our treatment physically consistent with a dissipative Markovian picture, it must be satisfied the following conditions
which reflects nothing but the system-environment interaction and environment spectrum gap must be sufficiently small compared to the the bare frequency of the interesting oscillator. As a counterpart, from the Eq. (25) follows that the longitudinal Chern-Simons dynamical susceptibility diverges in the infrared limit (i.e. β → ∞), and byproduct, the nonequilibrium thermodynamics quantities will diverge as well. Although the latter manifests that the strict Ohmic spectral choice may fail to describe the properties of the flux-carrying particle at absolute zero temperature [25] , it permits to derive closed-form expressions for the nonequilibrium thermodynamics quantities that provide useful intuition for a broad set of values of the problem parameters. For instance, the strict Ohmic spectral choice has been extensively used to study the conventional Brownian motion in both absence and presence of an external uniform magnetic field [42, 44, 45, 48] , despite the free and internal energies are logaritmic divergent [48] or the heat capacity may take on negative values [62] . Owing to the dissipative kernels (24), (25) and (26) have an algebraic form, one may readily see that the reduced partition function (16) turns into an infinitive product of rational expressions. This infinite product may be conveniently manipulated to be expressed in terms of the Euler representation of the Gamma function [31, 49] , denoted by Γ (x), via making use of its algebraic properties [73] . Concretely, the reduced partition function can be cast in the following form (see appendix B for further details)
with r i given by,
and R i and R i (for i ∈ {1, 2, 3}) being the roots of the polynomial
It can be seen from (29) that both R 1,2 and R 1,2 boil down into r 1,2 in the limit of vanishing Chern-Simons action (i.e. κ → 0) whereas R 3 = R 3 = 0, so that Z f lux (β) converges to the partition function Z 2 0 (β) of the damped two-dimensional harmonic oscillator (deduced from the standard independent-oscillator model in the Markovian regime [43] ) when the Chern-Simons effects are disregarded.
To get a better understanding about the influence of the environmental Chern-Simons action, it is convenient to carry out a perturbative analysis in the small parameter κ/ω 0 1, which is in full agreement with a Markovian treatment (recall that the latter holds when the subsidiary condition (27) is satisfied). Concretely, it is important to realize that (29) is proportional to the determinant of the Laplace transform of the inverse of the retarded Green's function (see the Eq.(A13) in appendix A), i.e.
Since we are interested in the strict Makovian dynamics regime, we may requireG R (s) to take a Breit-Wigner resonance shape around certain renormalized frequency Ω 0 without loss of generality [19, 74, 75] . The latter can be accomplished by doing a first-order Taylor expansion of the longitudinal part of the dynamical susceptibility appearing in (29), i.e.,
and the renormalized frequency is the real root of the following algebraic equation
We note that the rotational force (10) is exclusively consequence of the second term in the right-hand side of (29), so we may rephrase the effect of the environmental Hall response in terms of the rotational force strength,
Following this approach, the roots of the polynomial (29) finally read
Taking κ identically to zero, it is clear from (31), (32) , and (33) that we obtain Ω 0 = ω 0 , Γ 0 = γ 0 , and Ω CS = 0, as expected. In this way, all the influence of the longitudinal Chern-Simons dynamical susceptibility is completely encoded by the parameters Γ 0 and Ω 0 , whereas the environmental Hall effects stemming from the Chern-Simons action are solely encapsulated by the parameter Ω CS . This Breit-Wigner approach will be further exploited in Sec.III to study the average magneticlike properties of the flux-carrying particle. A continuation, we examine the impact of both longitudinal and transverse ChernSimons effects upon the nonequilibrium thermodynamics quantities of the flux-carrying Brownian particle provided by the reduced partition function (28) endowed with the approximated roots (34).
Free energy
By replacing the Eq. (28) in the formal definition of the Helmholtz free energy in terms of the partition function [31, 49, 60] , i.e. F f lux (β) = −β −1 ln Z f lux (β), one may readily obtain the deviation of the free energy
where F 0 (β) coincides identically with the free energy of the damped one-dimensional harmonic oscillator in the Markovian limit [31, 43-45, 60, 66] . In words, the novel effects in the free energy due to the environmental ChernSimons action are completely contained by the terms on the right-hand side of Eq. (35) . Let us focus the attention on the high-and low-temperature regime. In the former limit (i.e., Γ 0 β 1), the gamma function in (35) may be approximated by ln Γ (z) − ln z − γ E z + π 2 z 2 /12 with γ E being the Euler-Mascheroni constant [73] . Thus, one can show that the expression (35) for the free energy simplifies to
where the first term in the right-hand side clearly identifies with the contribution owning to the aforementioned potential renormalization. By ignoring this, the above equation (36) unveils that the longitudinal ChernSimons effects (encoded in Γ 0 and Ω 0 ) lead the free energy of the flux-carrying particle to asymptotically reach (slightly) larger values in comparison to the damped twodimensional harmonic oscillator in the classical limit. Nevertheless, the third term in the right-hand side of (36) , which depends linearly on the inverse temperature, reveals that the influence of the Chern-Simons action substantially diminishes in the classical limit in agreement with the previous discussion in Sec.III.
Although it is not shown here, the contribution of the rotational strength represent a fourth-order term Ω 4 CS that is rapidly decreasing with ∼ β −3 . From this is clear that the dissipative mechanism contained by the longitudinal dynamical susceptibility widely exceed the Hall response. The latter can be understood by going back to the general expression of the partition function (16) once we have done the Breit-Wigner approximation: the influence of the transverse dynamical susceptibilityΛ ⊥ (s) in the strict Markovian scenario remains constant whilst the longitudinal counterpart grows linearly with temperature (recall ν n ∝ β −1 ). We shall see in Sec.IV that this feature is consistent with the results obtained alternatively for the average magneticlike moment of the flux-carrying particle. Furthermore, this observation is in agreement with the results obtained in Ref. [19] , where it was shown that the environmental Hall effect in the high-temperature regime represents a fourth-order correction to the Markovian dissipative dynamics of the conventional damped harmonic oscillator.
Similarly, the Eq.(35) in the low temperature regime, i.e. Γ 0 β 1, can be approximated with the help of [73] ln
which after some straightforward manipulation retrieves the leading low-temperature behavior
A quick glance reveals that the third term in the righthand side of the Eq.(37) introduces a logarithmic divergence at absolute zero temperature (β → ∞) in the strict Markovian dissipative scenario. As was previously explained, this anomalous behavior is intimately related to the fact that the longitudinal Chern-Simons dynamical susceptibility presents an infrared divergence. Unlike the charged magneto-oscillator following the conventional Brownian motion [43] [44] [45] [46] [47] [48] [49] , we may also observe that the free energy of the flux-carrying particle exhibits a linear dependence with temperature (see the fourth term in the right-hand side of Eq. (37)). The role of the latter is made clear by doing a perturbative analysis in the small parameter κ/ω 0 1 once substituted (31), (33) and
log Ω 4 0
, which unveils that such linear term constitutes a negative contribution to the free energy up to next leading order in the Chern-Simons coupling strength (see the subsidiary condition (27) ). This feature has a deep consequence on the thermodynamic entropy S f lux (β) of the flux-carrying particle: it make the entropy to take a (positive) nonvanishing constant value in the low temperature regime as similarly occurs in degenerate systems [58] . Using the Maxwell's thermodynamics relations
we may see in fact that the deviation of the particle entropy ∆S from the conventional Brownian motion does not cancel at low temperatures (if we ignore the aforementioned infrared divergence). This behavior of the entropy shall be further discussed in Sec.III A 3. Interestingly, one may also observe from (38) that the second term in the right-hand side is negative and is purely due to the environmental Hall response. In turn, this means that the Hall effects contributes positively to the free energy. Recalling the discussion in Sec.II, this novel feature could be attributed to the fact that the rotational force (10) stemming from the Hall response is enable to deliver certain mechanical work that may significantly contribute to the particle free energy [33, 55] . To further understand the operational meaning of this we may devise an experiment in which we are able to manipulate at will the Chern-Simons constant whilst the dissipative microscopic description (8) remains valid (e.g. flux-quench experiments are excluded [76] ), so that we may think of the reversible isothermal process, after switching on quasistatically the Chern-Simons action, by which the dissipative harmonic oscillator is taken from an initial to a final thermal equilibrium state with the same temperature β −1 . Physically, the Maxwell-ChernSimons environment is assumed to relax very fast such that all process of interest within it are essentially quasistatic (which is consistent with a dissipative Markovian dynamics). According to standard thermodynamics (e.g., see the Clausius inequality of classical thermodynamics) [59, 77] , a positive variation of the free energy in such scenario must represent the minimum work added to the system by the environmental Hall effects. The Eq. (37) certainly manifests that the Maxwell-Chern-Simons environment may supply the interesting system with some power at low energies. We shall show in Sec.III B that this observation also coincides with the results in the low-temperature limit obtained for the dissipative scenario characterized by the Lorentzian-type spectral density (see Fig.1 ). Furthermore, following the same line of thinking, the asymptotic value of ∆F (β → ∞) represents the minimum work needed for coupling the dissipative harmonic oscillator to the Maxwell-Chern-Simons environment [78] , as well as the minimum energy necessary to set up the aforementioned emf responsible for the rotational force. Hence, the expression (38) alternatively tells us that the the formation of the flux-carrying particle is not an spontaneous process from the thermodynamics point of view (which is in agreement with the Second Law of thermodynamics).
Internal energy
Now we study the difference of the internal energy between the flux-carrying particle with respect to the damped two-dimensional harmonic oscillator, i.e. ∆U (β) = U f lux (β) − 2U 0 (β) (with U 0 (β) corresponding to the internal energy of the damped one-dimensional harmonic oscillator in the Markovian regime). Specifically, we find
where ψ(z) denotes the digamma function with argument z [79] . Let us analyze the asymptotic behavior of Eq. (40) in the high-and low-temperature limit. In the first case we have z 1, and the digamma function may be approximated by ψ(z) −1/z −γ E +π 2 z/6 [68, 73] , so that we obtain the internal energy with the leading ChernSimons correction reading
Clearly, the Eq. (41) shows that the internal energy of the flux-carrying particle may be slightly higher than the internal energy of the damped two-dimensional harmonic oscillator. As similarly occurs to the free energy in the high-temperature limit, there is no trace of the rotational strength parameter up to next leading order in the inverse temperature, which indicates that the Chern-Simons effects in the internal energy is mainly due to the dissipative mechanism contained in the longitudinal dynamical susceptibility (e.g. see the second term in the right-hand side of (41)). Furthermore, the influence of the latter substantially decay for increasing temperatures, and eventually, saturates to an asymptotic constant value. Once again the situation drastically changes in the low-temperature regime. In this limit, we may approach ψ(z) log(z) − 1/2z − 1/12z 2 + 1/120z 4 [68, 73] , which inserted in the expression (40) yields
where the first term represents a logarithmic divergence at absolute zero temperature, as previously anticipated.
On the other hand, a perturbative analysis of the second term of the right-hand side of (42) in the small parameter κ/ω 0 1 unveils that this essentially constitutes a positive contribution, i.e.,
, which implies that the internal energy of the flux-carrying particle will be larger than the damped two-dimensional harmonic oscillators for increasing low temperatures. This indicates that the Maxwell-Chern-Simons environment behaves as a heat source [32] (i.e. heat bath): the environmental Chern-Simons effects will also deliver heat upon the system particle that transforms into kinetic energy, which is characteristics of a dissipative Brownian motion [72] . As similarly occurs for the free energy, we shall also see in Sec.III B that the internal energy deviation shows an initial growth with temperature for a non-Markovian dissipative dynamics characterized by the Lorentz-type spectral density. Finally, observe that the logarithmic divergences of both internal and free energies are identical, i.e. compared the first-term in the righthand side of (42) with the third contribution of the free energy deviation (37) , and they will compensate in the entropy definition.
Entropy
Let now address the change of the thermodynamic entropy caused by the Chern-Simons action. Having determined the deviation of the the free energy (35) and internal energy (40) of the flux-carrying particle, the entropy variation can be now defined as usually,
where S f lux (β) and S 0 (β) denote, respectively, the thermodynamic entropy of the flux-carrying particle and the entropy of the damped (one-dimensional) harmonic oscillator. For future discussions it is also convenient to introduce the (reversible) heat delivered by the flux-carrying particle at a constant inverse temperature β after switching on quasistatically the Chern-Simons action [58, 68] ,
It is important to notice that ∆Q(β) in a reversible isothermal process represents the minimum heat exchanged between the system and the Maxwell-ChernSimons environment [59] . Plugging the equations (36) and (41) in (44), we obtain a closed-form expression for the entropy change in the high-temperature limit,
where the influence of the first term in the right-hand side owing to the potential renormalization is relatively small according to the subsidiary condition (9) . Interestingly, by ignoring the latter, the deviation of the entropy from the conventional Brownian motion rapidly vanishes for growing temperatures (i.e. β → 0). Gathering up this result with the previous observation from the free and internal energies, our analysis apparently indicates that in the strict Markovian dissipative scenario and high-temperature limit the flux-carrying particle largely shares the nonequilibrium thermodynamics properties of the damped two-dimensional harmonic oscillator, so that we essentially recover the results from the classical statistical mechanics. Once again, by substituting Eqs. (37) and (42) in (44), we compute the entropy deviation in the low temperature limit and for weak Chern-Simons effects
which is manifestly divergent at absolute zero temperature as similarly occurs for the free and internal energies in the strict Markovian dynamics. Now one may clearly see from (47) that the longitudinal Chern-Simons dynamical susceptibility is the main responsible for this divergence by noting that the latter disappears owing to γ 0 = Γ 0 whenΛ (s) is disregarded (see the Eq. (31)).
In spite of such anomalous feature, the behavior of the entropy is in conformity with the Second law of thermodynamics. From the Eqs. (37), (42) and (45) follow that the heat exchanged with the Maxwell-Chern-Simons environment at absolute zero temperature is negative, i.e. ∆Q(β → ∞) → −4 (γ 0 − Γ 0 )/π (see the Eq. (31)). This result is in complete agreement with the second law of thermodynamics formulated in terms of Clausius's inequality (i.e. ∆Q ≤ T ∆S): no heat can be taken from the bath at absolute zero temperature [80] . Furthermore, it is important to realize that from the Eqs. (38) and (45) one may see that the heat intake of the dissipative particle from the Maxwell-Chern-Simons environment is comparatively larger than the delivered environmental work outlined in Sec.III A 1 (i.e. 0 ≤ −∆Q in the low temperature regime). This implies that the entropy increases with temperature which is characteristic of a conventional heat bath in standard thermodynamics [59] . On the other side, it shall be shown in the next section (see the Eq.(49)) that the heat capacity vanishes as temperature goes to zero in complete agreement with the Third Law of thermodynamics [43, 45, 63, 66] (though it diverges in the absolute-zero temperature limit). This can be seen from (47) by using the Maxwell's thermodynamic relation,
Since S f lux (β) decays linearly with temperature as follows from (47), the contribution of the Chern-Simons action to the heat capacity will vanish linearly as well. Intriguingly, by disregarding the discussed infrared divergence and the potential renormalization φ, the equation (47) reveals that the entropy of the flux-carrying particle is dominated for a non-vanishing constant value at low temperatures (see the third term in the right-hand side). The latter represents a positive contribution to the entropy up to next leading order of the small parameter κ/ω 0 1 as follows from the expression (38) , and completely coincides with the observation in the dissipative non-Markovian scenario as well (see the discussion around the figure 2 in Sec.III B). This feature recalls the result obtained from degenerate systems [58] , and it suggests that the flux-carrying particle may have a nontrivial ground state different from the damped harmonic oscillator, which must be somehow related to the fact that the coupling of the dissipative oscillator with the Chern-Simons action may effectively alter its statistics [17] . This point will deserve further attention in a treatment of the statistical mechanics in a dissipative scenario free of the mentioned infrared singularity.
Heat capacity
Finally, we present the result related to the heat capacity of the flux-carrying particle. Given the internal energy (40) , one may readily obtain this by using the standard thermodynamics relations [31, 49, 60] , i.e.,
where C 0 (β) stands for the heat capacity of the usual damped (one-dimensional) harmonic oscillator in the Markovian dynamics regime, and we have defined
dz . We next study the behavior of (48) in the interesting asymptotic limits. Making use of the expression ψ (z) 1/z + 1/2z 2 + 1/6z 3 − 1/30z 5 valid for large arguments z, we find that the low-temperature heat capacity up to the next leading order in the inverse temperature expresses as follows
where C 0 (β) is expected to decay linearly with temperature [45, 49, 63, 66] . As similarly discussed for the entropy, the absolute-zero temperature divergence of the heat capacity can be essentially attributed to the infrared singularity exhibited by the longitudinal Chern-Simons dynamical susceptibility in the strict Markovian dynamics. Interestingly, the above expression (49) shows that the heat capacity of the flux-carrying Brownian particle vanishes as the temperature approaches its absolute zero value if we disregard the aforementioned anomalous behavior. In other words, at least for weak Chern-Simons constant values (i.e. κ/ω 0 1), the Eqs. (47) and (49) suggest that the proposed microscopic description (8) is able to reproduce the Third Law of thermodynamics up to a renormalization factor.
In the opposite limit of high-temperature, the first derivative of the digamma function in (48) approaches to ψ (z) 1/z 2 + π 2 /6 − z + π 4 z 2 /30, and thus, the heat capacity takes the form
(50) Recalling the results from the previous sections, the Eq.(50) manifests once again that the nonequilibrium thermodynamics properties of the flux-carrying particle largely overlap with those of the damped two-dimensional harmonic oscillator at sufficient high temperatures.
To recap, the deviation of the flux-carrying particle thermodynamic properties from the conventional Brownian motion significantly change from the high-to the low-temperature regime. It turns out that in the former limit the dominant behavior of the deviation of the free energy, internal energy, entropy and heat capacity is to decay as an inverse power of the temperature. This eventually makes the Chern-Simons influence be negligible in the classical limit, and as a consequence, the thermodynamics properties of the flux-carrying particle closely approach to those from the damped two-dimensional harmonic oscillator. This is consistent with the observation that the Chern-Simons effects are significantly damped in the high-temperature regime owning to the fact that the Chern-Simons dynamical susceptibilities display 1/ftype power spectral density (see the Eqs. (19) and (20)). By contrast, the flux-carrying particle in the quantum domain exhibits a quite different behavior to the conventional Brownian motion in presence of an external magnetic field [43] [44] [45] [46] [47] [48] : the free energy of the flux-carrying particle has an additional linear dependence with temperature that eventually leads the entropy to take a finite constant value in the low-temperature regime, though it presents an anomalous divergence which is rooted in an infrared singularity characteristic of the longitudinal Chern-Simons dynamics susceptibility in the strict Markovian scenario. Disregarding the infrared divergence in the entropy and the heat capacity, the nonequilibrium thermodynamics quantities of the flux-carrying particle seem to reproduce the results expected from the Third law of thermodynamics. In parallel, it was discussed that the influence of the potential renormalization in (4) just regards a rescaling of the flux-carrying particle partition function because the subsidiary condition (9).
B. Lorentzian-type spectral density
The foregoing analysis holds when the systemenvironment coupling strength is small compared to the strength of the harmonic confining potential, and thus, the environmental Chern-Simons effects are sufficiently weak (according to the subsidiary conditions (27) ). Let us turn the attention to a more general dissipative scenario which presumably brings about non-Markovian dissipative effects, so that the system-environment coupling is expected to substantially influence the nonequilibrium thermodynamic properties. Basically, we find that the nonequilibrium thermodynamic quantities of the fluxcarrying particle in the studied non-Markovian scenario widely agree with the discussion in Secs. III and III A, and importantly, the entropy and heat capacity seem to reproduce the results in conformity with the Third Law of thermodynamics for a strong system-environment coupling as well (up to a renormalization factor).
Going beyond the weak system-environment coupling limit, we address the intricate dissipative dynamics dictated by the Lorentzian-type spectral density [49, 66] 
where γ 0 is the friction coefficient as before, Ω and χ are the frequency and damping parameters of a thermal harmonic noise. The spectral density (51) has been extensively used to describe systems driven by a colored noise having a Lorentzian power spectrum [81] . In particular, it was employed to address the nonequilibrium thermodynamics of the damped two-dimensional harmonic oscillator in presence of an external uniform magnetic field [49, 66] . Replacing this in Eq. (18) and using the standard tables of integration, one may see that the conventional dynamical susceptibility takes the form [49]
whereas the Chern-Simons dynamical susceptibilities are now given by,
Notably, one may readily see from (53) and (54) that the environmental Chern-Simons effects in the low temperature regime (s 1) are powered for the case of structured environments χ/Ω 1 [49] : the dominant behavior of the longitudinal Chern-Simons dynamical susceptibility goes like ∼ 1/s.
The price to pay for considering the spectral choice (51) is that the longitudinal Chern-Simons susceptibility (53) presents an infrared singularity similarly as occurs for the Markovian case, and as a consequence, the nonequilibrium thermodynamic quantities of the fluxcarrying particle will diverge at the absolute zero temperature as well. This can be further understood by noting that the denominator of the general algebraic expression of the partition function (16) becomes infinite sinceΛ || (s) diverges, whereas the numerator remains finite when we take the absolute zero temperature limit: that is, Z f lux → 0 for β → ∞. In a more profound sense, the strict Ohmic and Lorentzian-type dissipative spectral densities show this anomalous behavior mainly due to they do not formally take account the dimensionality (d = 2) of the Maxwell-Chern-Simons environment, which roughly characterizes the power of the spectral density at low energies [30] , i.e. J(ω) ∼ ω d . Although these spectral densities may represent a broad class of quantum dissipative systems, they do not regard a fully physical description for two-dimensional systems in the low-temperature limit. Furthermore, it is important to notice that to be the choice (51) consistent with the relation dispersion (2) of the environmental excitations, we must demand the following subsidiary condition is fulfilled,
which guarantees nothing else but the interesting system will mainly interact with the environmental modes that are well contained in the spectrum of the MaxwellChern-Simons environment. Note that this condition does not prevent us of taking large values for the parameter γ 0 /ω 0 ∼ 1 which roughly characterizes a strong system-environment interaction.
Similarly to the (strict) Ohmic spectral density, the reduced partition function (16) becomes a rational function once substituted the environmental kernels (52), (54) and (54), so this can be calculated by following an identical procedure as to compute the expression (28) in the Sec.III A (see appendix B for further details). The partition function of the flux-carrying Brownian particle now reads,
where Z 0 (β) is the partition function of the damped onedimensional harmonic oscillator (a closed-form expression for Z 0 can be found in [49] ), and {r i , r i } as well as {R i , R i } are the roots of the following polynomials, respectively,
As expected the Eq. (56) returns the result of the independent-oscillator model for a vanishing ChernSimons action (i.e. Q(R) → (rP (r)) 2 when κ → 0). Owning to the partition function (56) closely resemblances the expression (28) for the Ohmic case, it is readily to see that the deviation of the nonequilibrium thermodynamics quantities ∆F (β), ∆U (β), ∆S(β), and ∆C(β) for the Lorentzian-type spectral scenario can be cast in an identical form as shown in Eqs. (35) , (40), (44) and (48) respectively, but rather in terms of the roots of the polynomials (57) . Instead of writing down the full expression, we illustrate in the figures (1), (2) and (3) the results obtained for their numerical computation. For seek of simplicity, the influence of the potential renormalization shall be neglected throughout the following discussion. In figure (1) we may observe a similar behavior of ∆F (β) and ∆U (β) (see upper and central panel) as predicted by the Eqs. (37) and (42) in the Markovian case at low temperatures. First, it is clear that the free and internal energies (slightly) increase for rising Chern-Simons action strength which is in accordance with the fact that certain work must be done upon the dissipative harmonic oscillator in order to establish the environmental emf that eventually leads to the formation of the flux-carrying Brownian particle: there is not spontaneous creation of the flux-carrying particle understood in the thermodynamics sense (i.e. a non-spontaneous process implies an increase of the free energy). Furthermore, we find out that this effect intensifies when the environment becomes structured. In particular, the figure (1) illustrates a contourplot of the free energy deviation as a function of the temperature and the characteristic parameter χ/Ω. One may readily see from this plot that for a given constant temperature the ∆F may reach larger values as χ/Ω becomes smaller, which is in complement agreement with our previous observation about the Eqs. (53) and (54) .
By fixing κ to a constant value, we may also appreciate that the free energy follows a linear decayment for higher temperatures than 1/β ω 0 ≈ 0.04, which is better illustrated below in the plot (2) for the entropy (see the green dashed and red dashed-dotted lines in the right and central panels). The latter figure reveals that the entropy roughly saturates to a constant value before diverging at absolute-zero temperature (see shadow area in the right panel of figure (2) ), which according to the Maxwell's thermodynamic relation (39) means that the dominant behavior of the free energy of the flux-carrying particle is rougly linear at low temperatures. Interestingly, this linear feature displayed by the free energy has no counterpart in the charged magneto-oscillator coupled to a conventional heat bath [42] [43] [44] [45] [46] [47] [48] , and is intimately related to the mechanism by which the environmental Hall response deliver some energy that transforms into mechanical work added to the flux-carrying particle, which subsequently supports our previous observation about that the Maxwell-Chern-Simons environment may behave as a work source. At this point, it is important to realize that the dissipation mechanism dominates the opensystem dynamics against the environmental Hall effects according to the subsidiary condition (23) , and thus, the heat delivered from the environment to the dissipative particle will be larger in comparison to such work. Additionally, we may also see from the figure (1) that the free and internal energies at higher temperatures show an algebraic decayment instead, which is in agreement with the power dependence with the inverse temperature found previously in the strict Markovian case.
The figure (2) similarly depict the deviation of the entropy and the heat capacity for a strong systemenvironment coupling. A quick glance reveals that both thermodynamics quantities diverge for decreasing temperatures and higher Chern-Simons constant, e.g. the entropy abruptly drops below 1/β ω 0 ≈ 0.04 (see the shadow area in the left panel). Although it is not appreciated from figure (1), this also occurs for the free and internal energies. Let us emphasize once again that such divergence is due to we are treating a dissipative nonMarkovian model (i.e. Lorentzian spectral density) for which the longitudinal Chern-Simons dynamical susceptibility contains an infrared divergence (see the Eq.(53)).
As mentioned above, from the right and central panels in figure (2) , we may observe in the low energy regime that the entropy of the flux-carrying particle remains almost constant in temperature for different values of the Chern-Simons action strength (see the green dashed and red dashed-dotted lines) which is a hallmark of a linear behavior in the free energy in complete agreement with the previous discussion in Secs.III A 1 and III A 3. This is better illustrated in the central panel, where the entropy deviation is plot as a function of the temperature and the Chern-Simons constant. Discarding the aforementioned anomalous behavior, these figures additionally suggest that the entropy reproduces the Third Law of thermodynamics: it takes a finite constant value as we approach the zero temperature limit [58] . On the other side, the heat capacity, which is depicted in the left panel of figure (2), clearly displays a similar behavior to the entropy: it vanishes even for large values of the system-environment coupling (i.e. γ 0 /ω 0 ∼ 1) in the low-temperature regime, though diverges at absolute zero temperature (as previously anticipated). That is, this plot reveals that the heat capacity for the studied non-Makovian dissipative scenario cancels at low energy in conformity with the Third Law of Thermodynamics. Accordingly, this observation together with the behavior exhibited by the entropy seems to indicate that the dissipative Maxwell-Chern-Simons model (8) retrieves results which are widely in conformity with the Third Law of thermodynamics in the studied non-Markovian dissipative scenario as well.
Finally, the figure (3) illustrates the behavior of the nonequilibrium thermodynamics quantities as a function of the Chern-Simons constant in the high-temperature regime. Interestingly, we may observe for a fixed temperature (γ 0 β 1) that the free and internal energies, as well as the entropy, slightly grow with the Chern-Simons action strength in agreement with the results found for the strict Ohmic spectral density (see the Eqs. (36), (41) , and (46)), as opposite to the heat capacity which decreases (see the Eq. (50)). Although it is not shown here, we also observe that all the nonequilibrium thermodynamics quantities exhibit a similar dependence with temperature as previously shown for the Markovian case: ∆S, ∆U , ∆F and ∆C in the high-temperature limit go as a power of the inverse temperature. Hence, the deviation of the nonequilibrium quantities from the conventional Brownian motion ultimately saturate to a constant value (which just depends of the spectral density parameters) in the studied non-Markovian dissipative scenario as well.
IV. ENVIRONMENT-INDUCED ORBITAL MAGNETICLIKE MOMENT
So far we have explored the statistical phsycis of the flux-carrying particle, which surprisingly reveals that in the classical limit it largely shares the nonequilibrium thermodynamics properties of the damped twodimensional harmonic oscillator, so that we recover the results in agreement with the classical statistical mechanics. Now the stationary magneticlike features induced by the Maxwell-Chern-Simons environment are addressed when the quantum dissipation is fully characterized by a strict Markovian dynamics [72] . As stated in the Sec.II as well as extensively discussed in Ref. [19] , the crucial effect of the Chern-Simons action in the dissipative description (8) is to effectively attach a changing magneticlike flux to the system harmonic oscillators that gives rise to an ordinary Hall effect responsible for the environmental rotational force (10) , which in turn is behind of the previously discussed environmental work delivered upon the flux-carrying particle. Consequently, the harmonic oscillator undergoes a vortexlike motion that may induce a non-zero orbital magneticlike moment, as similarly occurs in conventional Brownian particles in presence of external magnetic fields [41, 53, 56] . Interestingly, we shall show in this section that the average orbital magneticlike moment of the flux-carrying particle vanishes in the high-temperature limit in conformity with the BvL theorem as well as the results of the previous sections.
First, we define the orbital magneticlike momentM (in SI units) proportional to the orbital angular momentum as usually [33, 40, 42] 
Our main interest is to compute the average value of (58) when the global system is in the canonical equilibrium stateρ β ∝ e −βĤ , as previously assumed in Sec.III. It is convenient to expressM in terms of the cross-correlation functions
as follows
where we have made use of the property ∆ 12 (t) = ∆ 21 (−t), and · β denotes the average on the global canonical equilibrium stateρ β . Fortunately, we can further employ the imaginary-time path integral framework presented in Sec.III to compute the expression for the equilibrium correlations functions (59) . Starting from the Euclidean action (14) once again, this tasks is accomplished by introducing an additional linear source term which may be interpreted as a fictitious external (two-dimensional) force F [31, 69, 70] , that yields the generating functional
where Z M CS (β) is the partition function of the MaxwellChern-Simons environment (see the Eq.(A5)). In the imaginary time, the correlation function is then obtained from the following well-known identity [2, 32, 69] ,
where τ 1 > τ 2 in imaginary time, and Z f lux (β) is the partition function given by (16) . Following a similar procedure as to compute the partition function in Sec.III, one can show that the Eq. (61) yields the following fluctuation-dissipation relation (a detail derivation is sketched in the appendix C), 
withΣ(ω) standing for the real-time Fourier representation of the retarded self-energy, also known as the environmental dynamical susceptibility, i.e.
The above frequency-dependent kernels are obtained from the Laplace transform of the dynamical susceptibilities presented in Sec.III (see the Eqs. (18), (19) and (20)) via analytic continuation [2, 31] , e.g.
Notice that the expression (62) is the counterpart of the fluctuation-dissipation theorem in the conventional Brownian motion [30, 57, 72] . Here, we are mainly interested in the strict Markovian dynamics for which the real-time Fourier transform of the retarded Green's function must express as a rational function, such that it just displays simple complex poles. As was similarly done in Sec.III A, this is equivalent to approximateǦ R (ω) by a Breit-Wigner resonance shape [19, 74, 75] , i.e.,Ǧ R (ω) Ǧ BW (ω + i0 + ) with
which has simple poles
where Ω 0 , Γ 0 , and Ω CS are given in Sec.III A. Recall that we are dealing with the system-environment weak coupling limit in which the subsidiary condition (27) holds (which in turns implies Γ 0 /Ω 0 , Ω CS /Ω 0 1). Accordingly, this permits to compute an exact solution for the thermal correlation functions (62) by using the standard contour integration techniques [83] . Concretely, we find (65) where Re{z} denotes the real part of the complex number z, and we have defined the following auxiliary functions
and the quantum correction
Replacing the expressions (66), (67) and (68) in (60) and approximating coth (iβ λ ± /2) ∓1 as well aṡ S (q) CS (t) up to next leading order in temperature, after some straightforward manipulation we obtain the average value of the orbital magneticlike moment (58) in the low-temperature limit (i.e. 1 Γ 0 β),
which clearly pinpoints the environmental Hall response, manifested through the rotational strength parameter Ω CS , as responsible for a non-trivial intrinsic orbital magneticlike moment of the dissipative harmonic oscillator. Further, the positive value of the average magnetic moment can be understood by realizing that the rotational force giving rise to the orbital path is applied in the clockwise direction (see the Eq. (10)), which means that the induced magneticlike moment must be oriented in the counterclockwise direction for a particle with negative elemental charge. In view of this result and the discussion in Sec.III A 1, we may conclude that the work done by the Maxwell-Chern-Simons environment is devoted to generate the effective magnetization of the system particle. The situation drastically change as one goes to the high-temperature regime (i.e. Γ 0 β 1): we find that the average magnetic moment cancels. This can be seen from the Eq.(65) by substituting coth (iβ λ ± /2) −2i/λ ± β and by noting that the quantum corrections must become zero. Intriguingly, one could naively expect that the mean value of the magnetic moment does not vanish in the classical limit since the rotational force persists in the classical domain, however the results of Sec.III A indicates the other way around. It was shown that the effects in the nonequilibrium thermodynamics quantities owning to the environmental Hall response are effectively damped in the classical limit, since there is no significant contribution to the free and internal energies, which therein indicates that the mean value of the angular momentum of the flux-carrying particle eventually cancels, and thus, the average orbital magnetic moment as well by construction. As was explained in Sec.III A 1, this could be mainly attributed to the fact that the environmental Hall response in the strict Markovian scenario remains constant whilst the dissipative effects contained in the longitudinal dynamical susceptibility grows linearly with temperature.
The behavior of the magneticlike moment of the fluxcarrying particle is better illustrated by the figure (4) , where its average value is plot as a function of the inverse temperature for distinct choices of the dissipative coefficient (see main plot) and renormalized harmonic frequency (see the inset). A quick glance reveals that the orbital magneticlike moment undergoes a smooth transition from a zero value in the high-temperature regime to a non-vanishing constant (determined by (69)) in the quantum limit. Paying further attention, one may see for a fixed β that the latter decreases for growing values of Ω 0 as well as Γ 0 , which is in agreement with the observation that the dominant effects in the strict Markovian dynamics are due to the dissipate mechanism and harmonic confinement, so that the relative influence of the rotational force in the open-system dynamics is effectively diminished.
Finally let us emphasize that our results are in conformity with the so-called BvL theorem, albeit there is no need. Formally, this theorem states that the average magnetic moment of classical charged particles in the presence of an external time-independent magnetic field is zero in thermal equilibrium [28, [51] [52] [53] . Contrary to the latter, the root of the orbital magneticlike moment here is an environmental emf which is generated by a changing magneticlike flux [50] : the magneticlike moment arising from the dissipative microscopic description (8) is created by a dynamical gauge field. Indeed, the rotational force (10) closely resemblances the force term F * due to an azimuthal electric field produced by certain time-dependent magnetic field B(t) in the ordinary Maxwell electrodynamics [56] , e.g.
Hence, our flux-carrying Brownian particle has no direct comparison with the two-dimensional Brownian particle in presence of an external uniform magnetic field [41] , so the dissipative microscopic model (8) are not constrained to the fundamental conclusion of the BvL theorem (despite the results found for the Markovian case are in agreement with this), and thus, it does not prevent us of finding out a non-vanishing magneticlike moment even at high temperature. For instance, it was shown for (closed-system) fermionic particles subject to the CS-QED 2+1 that the permanent magneticlike field induced by the Chern-Simons action may survive in the high-temperature regime [15] , so one could expect here that the average orbital magneticlike moment remains non-trivial in the classical limit for a dissipative scenario where the transverse Chern-Simon effects were dominant, such as for a sufficiently strong coupling to the ChernSimons action (e.g. κγ 0 /ω 2 0 1). Nonetheless, the latter could occur at expense of the dissipative dynamics of the flux-carrying particle departs from the low-lying effective description (8) [19] as well as deviates from the standard thermodynamics [80] (recall the subsidiary con-dition (23)).
V. CONCLUDING REMARKS
Following the imaginary-time path integral approach, we have extensively examined the statistical physics emerging from a novel microscopic description for dissipative two-dimensional harmonic systems which has been recently derived in the framework of the non-relativistic CS-QED 2+1 theory. This analysis has revealed that the properties of the single dissipative particle in the quantum domain substantially differ from those of the damped two-dimensional harmonic oscillator characteristic of the conventional Brownian motion. Essentially, the novel environmental Chern-Simons effects endow the dissipative particle with an orbital magneticlike moment, such that it could be viewed as a Brownian particle "dressing" a magneticlike flux which, however, has no counterpart in the traditional Landau diamagnetism under dissipation. Unlike the quantum statistical mechanics of a charged magneto-oscillator coupled to a conventional heat bath, the dominant behavior of the free energy in the quantum limit is linear in temperature and the entropy may eventually saturate to a constant value at low energies, which indicates that the ground state of the flux-carrying particle bears certain resemblance to a degenerate state. Additionally, we discuss that by virtue of the environmental Hall response the Maxwell-Chern-Simons environment play a role beyond the independent-oscillator model and may simultaneously act as a work source as well, which is behind of the environment-induced magnetization. Nonetheless, the heat intake of the dissipative particle from the environment is demanded to be larger than this work in order the Maxwell-Chern-Simons environment behaves as a heat bath from the standard thermodynamics.
We have also found out that the environmental ChernSimons effects have not significant impact in either the thermodynamics quantities or the orbital magneticlike moment in the high temperature limit for the studied dissipative scenarios: strict Markovian dynamics and a non-Markovian instance (i.e. we have explored both the weak and the strong system-environment coupling situations), instead they represent a small correction to the well-known properties of the damped two-dimensional harmonic oscillator. In this way, we recover the results in conformity with the BvL theorem (that is, a vanishing orbital magnetic moment in the classical limit). We argue that this is a consequence of the fact that the dynamical susceptibilities encoding the environmental ChernSimons effects are energetically dampened in the hightemperature limit. Furthermore, we discuss that this ultimately occurs because such susceptibilities feature a power spectral density that is characteristic of a 1/f -type noise. As a counterpart, the longitudinal Chern-Simons dynamical susceptibility presents an infrared divergence which leads the partition function of the flux-carrying particle to eventually vanish, and in turn, the nonequilibrium thermodynamics quantities diverge at absolute zero temperature in the studied dissipative scenarios. Up to a renormalization of this anomalous behavior, our results suggest that the present dissipative microscopic model widely reproduces the Third Law of thermodynamics, at least for a weak Chern-Simons action strength.
In contrast to the vast majority of traditional microscopic models based on the conventional Brownian motion, our dissipative microscopic description explicitly introduces the Abelian topological gauge action giving rise to a substantially richer dissipative dynamics. In the lowenergy regime (i.e. in the gauge field long-wavelength limit and for low energetic particles) the novel ChernSimons effects are mainly encapsulated by an environmental emf which produces an ordinary Hall response that, in turn, is responsible for an intrinsic magneticlike moment of the dissipative system particles. As similarly occurs in systems of composite excitations of electrons and magnetic fluxes endowed with remarkably electromagnetic features (e.g. quantum Hall systems), one could expect that this response may provide an ensemble composed of the flux-carrying Brownian particles with interesting energy transport properties as well as electrical conductivity effects: for instance, in a uniformly environment-magnetized ensemble the overall current in the bulk could eventually cancel giving rise to an edge current alone. On the other side, the proposed microscopic description has clear points of contact with the incipient artificial gauge field theory, and regards a natural candidate to study systems coupled to dynamically generated synthetic fields that mimics a time-varying pseudomagnetic flux, or more challenging, it could be used as a paradigmatic model to address the two-dimensional dissipative phenomena characteristic of a magnetic heat bath. We hope that our presents results may inspire future works along these lines.
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with the Matsubara frequencies ν n = 2πn/ β, and secondly, rewriting the spatial operatorx k (ν n ) of the environmental k-mode in terms of the quantum fluctuations y k (ν n ), i.e.,x
withx k (ν n ) corresponding to the stationary path of the Euclidean action of the environmental k-mode (15), and which obeys the Euclidean classical equations of motion
. By solving the Eq.(A3) in terms of the spatial system operatorq α (ν n ), we obtaiñ
as well as the hermitian conjugate transpose (denoted by
Plugging this result into the Euclidean action (14) , and appealing to the fact that the linear term inỹ k (ν n ) must vanish sincex k (ν n ) is a stationary point [31, 70] , after some straightforward manipulation the systemenvironment action in the Fourier representation may be decomposed as follows 
where the first term in the right-hand side identifies with the environmental partition function
whilst the second term takes the following form,
where we have recognized the imaginary-time Fourier transform of the retarded self-energyΣ(s) in the last line. We can go further by elaborating on the latter expression and substituting the system-environment coupling coefficients which yields, (ν 2 n + ω 2 0 +∆(ν n ) +Λ || (ν n )) 2 − |Λ ⊥ (ν n )| 2 , with I 2 denoting the 2 × 2 identity matrix, and where we have introduced the well-known Fourier functional measure from the quantum statistical path-integral framework [31] . As mentioned in Sec.III, the Eq.(A12) clearly consists of a Gaussian path integral [31] characterized by the (infinite-dimensional) covariance matrix 
whereG R (s) essentially being the Laplace transform of the retarded Green's function associated to the quantum open-system dynamics. Accordingly, the imaginary-time path integral in (A12) could diverge if the matrix (A13) eventually vanishes. Conversely, the Z f lux (β) provided by (A12) will represent a partition function physically consistent with a dissipative scenario (where the interested system evolves towards a thermal equilibrium state), when (A13) is strictly positivedefinite [82] . It is now readily to see that the latter is equivalent to demand that the subsidiary condition (23) always holds, in agreement with the discussion in Ref. [19] .
Appendix B: Reduced partition function for the strict Ohmic and Lorentzian-type spectral densities
In this section, we show the derivation of the reduced partition function (28) and (56) 
where ν −1 = β/2π, and we have made use of the Vieta's relations for the roots r i , R i , and R i as well (i.e.
